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Abstract.
Conventional in-gap Yu-Shiba-Rusinov states require two ingredients: magnetic
atoms and a superconducting host that, in the normal phase, has a finite density
of states at the Fermi energy. Here we show that hydrogenated graphene can host
Yu-Shiba-Rusinov states without any of those two ingredients. Atomic hydrogen
chemisorbed in graphene is known to act as paramagnetic center with a weakly
localized magnetic moment. Our calculations for hydrogenated graphene in proximity
to a superconductor show that individual adatoms induce in-gap Yu-Shiba-Rusinov
states with an exotic spectrum whereas chains of adatoms result in a gapless Yu-
Shiba-Rusinov band. Our predictions can be tested using state of the art techniques,
combining recent progress of atomic manipulation of atomic hydrogen on graphene
together with the well tested proximity effect in graphene.
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1. Introduction
Magnetic moments have long been known[1,
2] to deplete the superconducting order,
hindering the coexistence of ferromagnetism
and superconductivity. At the atomic scale,
a single magnetic atom can locally modify the
superconducting order parameter, binding in-
gap Yu-Shiba-Rusinov (YSR) states[2, 3, 4,
5]. Using scanning tunneling spectroscopy
(STS), these in-gap states have been observed
in a variety of systems[6, 7, 8, 9, 10],
all of them involving transition metal or
rare earth local moments. In presence of
either spin-orbit coupling or non-collinear
magnetic order, chains of YSR impurities[11]
have been predicted to result in topological
superconductivity, whose fingerprint would be
the emergence of zero energy Majorana[12]
edge states. The recent observation[13] of
zero energy end states by means of STS in
atomic chains of Fe atoms on the surface
of superconducting Pb has been interpreted
along this line and has triggered and enormous
interest in the engineering of YSR states[11,
14, 15].
In conventional superconductors, the pa-
rameter that controls the energetics of YSR
states is ρJ where ρ is the density of states
(DOS) at the Fermi surface in the normal
phase and J is strength of the Kondo exchange
between the local moment with spin S and the
conduction electrons. When ρ is a slowly vary-
ing function of energy, the binding energy of
YSR states for a classical spin in a supercon-
ductor, is given by[2, 16]
ES = ∆
1− (pi S
2
Jρ)2
1 + (pi S
2
Jρ)2
(1)
where ∆ is the superconducting energy gap.
Thus, according to this classical result, a finite
ρ is needed in order to have in-gap YSR states.
We now address the question of how could
graphene change this state of affairs.
Figure 1. (a) Sketch of hydrogenated graphene (b)
and DOS in the carbons close to the hydrogen. Upon
introduction of interactions a local magnetic moment
is developed (c), changing dramatically the associated
DOS (d). When the system is placed on top of a
superconductor (e), YSR excitations arise below the
superconducting gap (f). The parameters used are
∆ = 0.15t and J = 0.4.
Graphene can be made superconduc-
tor via proximity effect using several com-
plementary strategies. On one hand su-
perconductivity can be induced in lateral
graphene/superconductor heterostructures[17,
18, 19] and on the other hand taking advan-
tage of its two dimensional character, graphene
can be deposited on top of and beneath a
superconductor[20, 21]. The recent reports of
fabrication of vertical Van der Waals structures
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combining[22, 23, 24] graphene with supercon-
ducting NbSe2 also present a promising venue
in this regard. Moreover, a carbon layer of
intercalated graphite C6Ca,[25, 26, 27] could
be considered as superconducting graphene, al-
though in the former case the Fermi level is
away from half filling.
Local magnetic moments can be in-
duced in graphene without using transi-
tion metals via chemisorption of atomic
hydrogen[28, 29] as well as many other covalent
functionalizations[30, 31]. Within a one-body
picture, the chemisorption of atomic hydrogen
in graphene creates a zero energy state, which
greatly enhances the local DOS close to the
Fermi energy. Electron-electron interactions
result[28, 32, 29, 33] in the formation of a local
moment associated to chemisorbed hydrogen.
When two hydrogen atoms are chemisorbed
on the same sub lattice, ferromagnetic cou-
plings are expected[29, 33]. These theoretical
results are in line with recent experiments[34]
where both individual chemisorbed hydrogen,
as well as dimers and trimers, have been
probed using STS. In these experiments atomic
manipulation of individual hydrogen atoms
has been demonstrated, showing the potential
for atomic scale engineering of magnetism in
graphene. In addition, this magnetism can
be turned on and off when the density of
carriers is changed [34], in line with the ex-
perimentally demonstrated electrical control
of paramagnetism in the case of fluorinated
graphene [35] and as expected from theoreti-
cal calculations[36].
2. Methods
We now model hydrogenated graphene on
top of a superconductor using a one orbital
tight-binding model with pairing and exchange
fields. Within the one-orbital model, the
Figure 2. Single magnetic impurity in an infinite
square lattice (a), showing in-gap states described by
Eq.1. The same impurity in the honeycomb lattice
(c) does not show YSR states at weak coupling (d).
For the single hydrogenated graphene (e), a new and
qualitatively different branch of in-gap state arises (f).
effect of hydrogenation and other covalent
functionalizations[31] are equivalent to the
removal of a site in the lattice[33] without
modifying the onsite energies of neighboring
carbon atoms. At the non-interacting level,
this results in an in-gap E = 0 state in
the case of gapped graphene nanostructures,
and a resonance in the case of 2D graphene
[37]. In most instances, interactions have
been included at a mean field level using
supercells[28], that invariably result in spin-
split solutions with a sublattice polarized
magnetization cloud in the neighborhood of
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the hydrogen atom and total spin S =
1/2. Our Hamiltonian includes the spin-
dependent potential in the three closest
carbon atoms to the one underneath the
chemisorbed hydrogen. This minimal model
mimics a self-consistently calculated exchange
field that breaks time reversal symmetry
that implies a local magnetization induced
by the chemisorbed hydrogen. Finally, in
order to account for the proximity induced
superconducting gap ∆ , we include a pairing
term[38] in the theory. Thus, the complete
Bogoliubov-De Gennes (BdG) Hamiltonian
reads:
H = Hkin +HW +HJ +HSC (2)
where Hkin describes hopping, HW an
onsite potential term, HJ is the exchange term
and HSC the superconducting pairing. The
hopping term is the standard nearest neighbor
(NN) hopping:
Hkin = t
∑
s
∑
(i,j)∈NN
c†jσciσ (3)
In the case of the hydrogenated system,
the effect of hydrogenation is captured by
adding an infinite onsite energy W to func-
tionalized carbon site
HW = lim
W→∞
W
∑
s
c†0,sc0,s (4)
The exchange term can be written down as:
HJ =
∑
i
j(i)c†iσ
σz
2
ciσ (5)
When we model the a conventional Shiba
state in the square and honeycomb lattice,
we take W = 0 and j(i) takes a non-zero
value J in just one site, marked in red in
figures 2(a,c). In contrast, when we model
hydrogenated graphene we take W = ∞ and
j(i) takes a non zero value J in the three
first neighbors of the functionalized carbon
site (see figure 2(e)). We treat J as a free
parameter, to account for variations of the
local magnetization coming from temperature
or doping[35, 36].
Finally, the superconducting proximity
effect is introduced as an effective conventional
s-wave pairing term
HSC = ∆
∑
i
[
ci,↑ci,↓ + c
†
i,↓c
†
i,↑
]
(6)
Here ∆ is taken as an input parameter in
the calculation, and no attempt to compute
it self-consistently is done. Since we are
considering a single impurity in an infinite
pristine system, we have to deal with a
problem with infinite size and no translational
invariance. We tackle the problem using Green
functions and a partition method, valid for any
dimension. To do so, we divide the problem
in a core region that contains the impurity
site(s) and an outer region[39]. This division is
performed by creating a graphene supercell as
the new unit cell C, where the central supercell
host the hydrogenated site and the sites with
exchange coupling
hV = hkin + hW + hJ + hSC (7)
with hkin, hW , hJ and hSC the projection
of Eq. 2 in the central defective supercell.
The rest of the system is formed of pristine
supercells coupled to each other and to the
defective one. To calculate the full Green
function of the defective supercell, we write
down the Dyson equation of defective supercell
coupled to the infinite graphene.
GV (E) = (E − hV − Σ(E))−1 (8)
where Σ(E) is the selfenergy induced over
the defective supercell by the rest of pristine
system. The calculation of Σ(E) is done noting
that, for a pristine supercell, an analogous
Dyson equation can be written up:
G0(E) = (E − h0 − Σ(E))−1 (9)
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However, in the case of pristine graphene the
Green function G0 of the supercell C can
also be calculated by summing up the Green
functions of the Bloch Hamiltonian Hk as
G0(E) =
1
(2pi)2
∫
(E −Hk)−1d2k (10)
with Hk the usual Bloch Hamiltonian
Hk = h0 +
∑
~r
t~re
i~k·~r (11)
where h0 is the pristine intracell hopping
matrix, t~r are the intercell hopping matrices
and ~r are real space vector connecting
supercells. Coming back to Eq. 9, the self
energy that pristine graphene induces on a
central supercell can be calculated combining
Eq. 9 and 10 as
Σ(E) = E−h0−
(
1
(2pi)2
∫
(E −Hk)−1d2k
)−1
(12)
Finally, with the previous self energy the
full Green function of the defective supercell
GV can be calculated with Eq. 8. From
the Green function, the spectral function
can easily be obtained as ρ = − 1
pi
ImGV (E)
introducing a small but finite imaginary part
in the energy E → E + iδ. We stress
that this method is specially well suited to
capture single impurities in infinite systems,
not relying on periodic boundary conditions
and avoiding undesired interference effects
between different impurities.
3. Results
It is instructive to analyze the density of states
of the single hydrogenated graphene in three
stages. First, with J = ∆ = 0, we see in
figure 1(b) how the density of states diverges
for E = 0, in line with analytic results [40].
Second, when the effect of the mean field
exchange is added (J 6= 0 in our Hamiltonian),
the E = 0 peak spin splits, and results in a
Figure 3. (a) Low energy spectral function of the YSR
states for single hydrogenated graphene, for different
paring couplings, showing an anomalous displacement
of the pairing switching point. (b) E = 0 spectral
function as a function of superconducting paring and
exchange coupling for hydrogenated graphene (green),
showing a non linear dependence of the switching
point. The inset (blue) shows the result for the usual
parabolic band which yields a ∆ independent transition
point. (c) Spatially resolved DOS at E = 0 for the
parity switching point J = 0.22t, ∆ = 0.05t. Panel (d)
shows the amplitude of the DOS along different lines,
marked in panel (c), showing a strong localization of
the YSR state close to the hydrogenated site. In panel
(c), the hydrogen adatom is deposited in the center of
the triangular pattern.
vanishing DOS at E = 0 (see Fig. 1(d)). The
resulting DOS calculated using the embedding
method shows a phenomenology analogous to
a toy model, a zero energy level, spin splitted
by an exchange J and coupled to a bath with
the graphene density of states ρ0 = λ|E|. In
this toy model, the Dyson equation gives the
spectral function ρ±(E, J) =
λ|E|+0+
(J±E)2+(λ|E|+0+)2 .
The dramatic difference between the results
with J = 0 (Fig. 1b) and J 6= 0 (Fig. 1d)
are analogous to the pathological behavior of
the function ρ(E, J). In particular, ρ can not
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be Taylor expanded for E = 0, because the
small J and E limits can not be exchanged.
This prevents the use of ρJ as a well defined
function and invalidates the use of Eq.1 to
model YSR states in hydrogenated graphene.
Finally, in the third stage, we study the
effect of the superconducting proximity effect
on graphene. A proximity gap opens in the
DOS of pristine graphene (blue line in Fig.
1(f)). In contrast, the calculated DOS close to
a chemisorbed hydrogen atom shows an intra-
gap YSR state (red line in Fig. 1(f))
3.1. YSR states for individual magnetic
centers
The in-gap excitation energy is governed by
the strength of the exchange coupling. Using
our methodology for a magnetic impurity
embedded in square lattice (Fig. 2a) , with
conventional parabolic bands, the evolution of
the in-gap YSR state as a function of J is
shown in Fig. 2b, with ∆ = 0.05t taking
chemical potential EF = −2t. Our results
follow Eq. 1. In particular, in the low J limit
the in-gap energies ES follow a quadratic law
∆− ES ∝ J2.
In contrast, a single magnetic impurity
(Fig. 2c) in the honeycomb lattice at
half filling yields no in-gap state unless the
exchange interaction J takes unrealistically
large values J >> t (Fig. 2d), in line with
a previous result[41]. This can be understood
within the standard model as a straightforward
consequence of the vanishing DOS at E = 0.
The situation is radically different when we
consider the model for hydrogenated graphene
(Fig. 2e). In this case, in-gap YSR states
appear at weak coupling that, in contrast
with conventional YSR states, follow a linear
evolution with J at low coupling, and therefore
are not described by Eq. 1. This is the main
result of this paper.
On top of their linear dependence on J ,
the hydrogenated graphene YSR states have
another unconventional property. Let us define
Jc as the point that satisfies ES(Jc) = 0,
which marks a parity switching of the ground
state between a singlet state for J < Jc
to a doublet state for J > Jc.[16] For the
conventional case, equation (1) shows how Jc is
independent from the superconducting pairing
∆, depending solely on the density of states at
Fermi energy pi S
2
ρJc = 1. In comparison, for
hydrogenated graphene the parity switching
point is ∆ dependent, as can be observed in
Fig.3(a). In Fig. 3(b) we plot a contour map of
the BdG spectral function evaluated at E = 0
as a function of J and ∆, showing a clear linear
dependence of Jc on ∆. In contrast, in the case
of a square lattice, the same procedure yields a
Jc that is independent of ∆ (inset of Fig.3(b)).
Thus, from an experimental point of view,
the parity switching point could be observed by
controlling either the superconducting gap ∆,
that depends strongly on temperature, as well
as tuning the hydrogen magnetic moment by
controlling the doping level of graphene with a
gate[35]. Given that ES ' ∆−J/6, the critical
Jc is in the range of the 6∆, ie, in the range
of 10 meV[42, 43]. Another prediction for
experiments is shown in figures 3(c) and 3(d),
where we show the spectral function of the
YSR states, as it would be measured with an
STM. This hydrogenated-graphene YSR wave
function inherits both the extension and the
C3 symmetry of the impurity resonance of the
normal phase[28] (Fig. 3(c)). In particular,
the YSR state peaks on the first neighbors of
the hydrogen atom (Fig. 3(d)).
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3.2. YSR states for superlattices
We now consider YSR state superlattices
formed by several hydrogen atoms chemisorbed
in the same sublattice. This secures a ferro-
magnetic coupling between them[29, 33]. We
first consider the case of a dimer (Fig. 4a)
which is expected[29] to have S = 1. The re-
sulting density of states with ∆ = 0 and J 6= 0
shows two peaks (Fig. 4b), rather than only
one (Fig. 1d) for the single hydrogen case.
When the superconducting pairing is switched
on, the YSR spectrum also acquires an extra
line, compared to the single hydrogen case.
The evolution of the two YSR states is still
linear with J , as in the single hydrogen case.
Thus, there are as many bound YSR states
as hydrogen atoms. We now extend this no-
tion to the case of a one dimensional periodic
array of hydrogen atoms (Fig. 4d). For this
one dimensional YSR crystal we obtain a single
YSR band that corresponds to a gapless 1D su-
perconductor, reminiscent of the one recently
found at the interface of a magnetically ordered
graphene edge and a superconductor[44]. The
map of density of states at E = 0 for the one
dimensional array is shown in (Fig.4f), whose
spatial profile resembles the single hydrogen
YSR state.
So far we assumed that resonant mag-
netism behaves as a classical magnetic mo-
ment. It must be noted that quantum fluc-
tuations scale as 1
S
and are thus expected to
have an important role both in conventional
YSR states[45, 46, 47, 48, 49, 50, 51] as well as
in the case of hydrogenated graphene[52, 53].
Such fluctuations are not captured within the
present theoretical framework. However, our
approach becomes more accurate for the larger
structures considered in figure 4, that have a
larger spin, and thereby smaller quantum fluc-
tuations.
Figure 4. (a) Central cell with two hydrogen atoms,
and (b) density of states before the superconducting
proximity is considered. (c) Evolution of the YSR
spectrum for case (a), resembling the same linear
evolution as Fig. 2f. (d) Sketch of the unit cell for a
periodic array of hydrogenated sites. Panel (e) shows
the BdG band structure of the periodic array, showing
a gapless YSR band. Panel (f) shows the spatial
resolved DOS for the periodic array (d) at E = 0.
4. Conclusions
We have shown that a single chemisorbed
hydrogen in superconducting graphene creates
a YSR bound state, in spite of the vanishing
density of states of pristine graphene. These
YSR states have properties very different from
conventional YSR states, such as a linear
dependence of the binding energy ES with
exchange, and a parity switching point Jc
that depends on the superconducting pairing
energy, and can thereby be modulated with
temperature. Motivated by recent experiments
that demonstrate the atomic manipulation of
Unconventional Yu-Shiba-Rusinov states in hydrogenated graphene 8
individual hydrogen atoms on graphene[34],
we have also explored the properties of YSR
super-structures. Furthermore, these results
also apply for a much wider class of covalent
functionalizations in graphene[31]. Combined
with the electric control of magnetism, this
class of systems offers a unique platform to
engineer exotic superconducting states at the
nanoscale.
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